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^ ! In this paper the boundary value problem for one class of the operator- differential equa- 
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ON THE BOUNDARY VALUE PROBLEM WITH THE OPERATOR IN 

BOUNDARY CONDITIONS FOR THE OPERATOR-DIFFERENTIAL 

EQUATION OF THE THIRD ORDER 

Araz R. Aliev, Sevindj F. Babayeva 

A number of problems of mathematical physics and mechanics can be reduced to 
boundary value problems for the differential equations with operators in boundary con- 
ditions. In T.Kato's book [1, ch.7] it is possible to meet statements of such problems. In 
particular, the non-local problem is one of them. We note, that in works of many mathe- 
maticians similar problems for differential equations of the second order are researched in 
details. Among these works it is possible to specify, for example the works of M.G.Gasymov 
and S.S.Mirzoev [2], V.A.Ilin and A.F.Filippov [3], M.L.Gorbachuk [4], F.S.Rofe-Beketov 
[5], S.Y.Yakubov and B.A.Aliev [6], S.S.Mirzoev and Kh.V.Yagubova [7], A.R.Aliev [8]. 
But we think, that there are few works, devoted in this direction to the equations of the 
third order which model currents of a liquid in visco-elastic deformable tubes. In this paper 
we try to fill this gaps. Moreover in comparison with the differential equations of the even 
order, there are few works, in which the equations of the odd order with scalar boundary 
conditions on semi-axis are investigated (see, for example, [9-13]). 

In the given paper we investigate the boundary value problem for the operator-differential 
equation of the third order on semi-axis, where the equation and one of the boundary con- 
ditions are perturbed. 

1. Let A be a self- adjoined positive-defined operator in a separable Hilbert space H , 
and H^ is a scale of Hilbert spaces, generated by operator A, i.e. D{A'^) = H^, {x,y)^ = 
{A^x, A^y),x, y e H^,{-f>0). If 7 = 0, we let, that Ho = H. We denote by L2 ((a; h);H), 
—00 < a <h < +00, a Hilbert space of the vector functions /(t), defined in (a; h) almost 
everywhere, with values in H, measurable, quadratically integrable in sense of Bochner: 




\ L2({a;b);H) ~ 

For R = (—00; +00) and /?+ = (0; -|-oo) we assume, that 

L2((-oo; +00); H) = L^iR; H), ^^((O; +00); H) = L^iR^, H). 

Further for the vector functions u{t) that almost everywhere belong to D (A^) and have 
the derivative u'" (t) we determine Hilbert space [14, ch.l] 

W^ {R+; H; A) = [u : u'" G L2 ((a; b)-H), A^u G L2 ((a; b) ; H)] 
with norm 



I I 

\'^\\W^{R+;H;A) ~ ill"" \\L2{{a;b);H) + 






\ /2 



L2{{a;b);H) 



Thus we also accept, that 

l^|((-oo; +00); H- A) = W^{R; H; A) , iy|((0, +00); H; A) = W^{R+; H; A). 

1 



Here all derivatives ■u*^-'-* = ^, (j = 1, 3) are understood in sense of the theory of distribu- 
tions [14, ch.l]. 

Let's consider the operators of taking the tracks 

TqU = m(0), Tiu = u'{0),u e Wi (i?+; H; A) . 

From the theorem of tracks [14, ch.l] it follows, that Fq : VF| (-R+; if; A) — )■ iis/,, Fi : 
W2 (-R+; H; A) — 7> H^i^ are continuous operators. We denote by 



'/!2' 



Wl {R+; H;A) = [u:ue W^ (i?+; H; A) , TqU = u{0) = 0, T^u = u{0) = o} . 

Let L {X, Y) be a space of the bounded operators, acting from space X to space Y. 
We also assume, that an operator K E L (W2 {R+', H; A) , Hs,) and we denote by 

wIk {R+; H;A) = [u:ue W^ {R+; H; A) , TqU = u{0) = 0, TiU = m'(0) = Ku} . 

o o 

Obviously, as W| (i?+; H; A) and W2.K {R+'i H; A) are complete subspaces of W2 (-R+; H; A). 
Now we consider in space H the boundary value problem 

u"\t) - A\{t) + Y. AM'^'\t) = fit), t e i?+, (1) 

m(0) = 0, u{0)-Ku = 0, (2) 

where f(t) G L2{R+;H), u{t) G W2{R+',H]A),Aj,j = 1,3, are hnear, in general, un- 
bounded operators, moreover A is the self-adjoined positive-defined operator, and the op- 
erator K e L (wi {R+; H; A) ,H3^y i.e. \\Ku\\fj^ < '^\MwiiR+;H;A)- 

Directly from the equation (1) and boundary conditions (2) we can see that the, main 
part of the equation (1) 

Po (d/dt) u (t) = u'" (t) - A\ (t) 

is perturbed, 

3 

Pi {d/dt) u{t) = Y, AjU^^-^'^ (t) , 

and the second boundary condition from (2) 

u\0) = 
is perturbed by some operator: 

u'{0) -Ku = 0,KeL (W^|(P+; H; A), H^^ . 

Definition 1. If the vector function u {t) G W^| (P_|_; ii; A) satisfies the equation (1) 
almost everywhere in P+, then we say, that u(t) is a regular solution of the equation (1). 

Definition 2. If for any f (t) G L2 (P+; H) there is a regular solution of the equation 
(1), which satisfies boundary conditions (2) in sense 

Jim||«(t)||^ =Q,\im\\u'{t)-Ku\\H =0, 



and the inequality 



\'^\\w^{R+;H;A) — COnst^j WL^iR+^H) 



is fulfilled, then we say, that the boundary value problem (1), (2) is regularly solvable. 

In this paper we study the conditions on coefficients A,Aj,j = 1,3, of the operator- 
differential equation (1) and on operator K, participating in boundary conditions (2), 
which provide regular resolvability of the problem (1), (2). The boundary value problem 
(1), (2) for K = is researched in works [9, 11] in various situations. 

2. First of all we investigate the main part of the boundary value problem (1), (2) in 
H: 

u"'{t)-A\{t) = f{t),teR+, 

u{0) = 0, u'{0)-Ku = 0, 

where / (t) G L2 {R+; H) , u{t) e W^ {R+; H; A). 
Denoting by 

o 

Fou = Pq (d/dt) u,ue WIk {R+; H; A) , 

and using a technique [15], we shall prove some auxiliary statements. 
Lemma 1. Let a > 0, /3 E R. Then forx G H5, the inequality 

' 1 



A'^e^^^'sin^At x 



< 



ot 



L2{R+;H) - y^a A{a^ + /32) 



\x\ 



H. 



takes place. 

P r o o f. Let y = A^^x G H. Then 



(3) 
(4) 



^^e-"^*sin/3At X 



L2iR+;H) 



A^^e-'^^' sin 13 At 



L2{R+;H) 



= I (A^/2e-aAt gi^ ^^^ y^ A^^e^"^* sin (5 At y)dt = f (Ae^^"^* sin^ /3At y, y)dt. (5) 


Using a spectral decomposition of the operator A in equality (5), we have: 
+00 +00 / +00 \ 

/ (Ae-2°^* sin^ 15 At y,y)dt= f f ae^^-at ^^^2 ^^^ ^^^^^^ y)\dt = 



\ M 

+00 / +00 \ 

a I f e"^'"°* sin^ (3atdt (dE^y, y) 

M V / 

Applying the formula of the integration by parts, we receive 



+00 



g-2aat gjj^2 p^^^^ 



1 1 



+00 



4aa 2 



-2crat 



COS 2Patdt. 



(6) 



+00 



Taking into consideration, that / e cos 2f3atdt 



+00 





-2o-ai „• 2 



2a(a2+/32), 



from (6) we obtain 



sin (3atdt 



a 



4aa 4a(a2 + /52)- 



(7) 



Substituting the value of an integral (7) in expression (5), we have: 



-hoo 

A^e""^* sin pAtx^ = f (Ae'^"^* sin^ f3At y, y)dt 



+00 



a 



a 



4aa 4CT(a2 + /32) 



(dE^y, y) = i-— 



a 



a 



^Aa 4(a2 + /32) 



A ^x 



4a 4(a2 + /js) 

1 a \ 2 

\\A\h^ 



\y\\H 



I.e. 



\'i-aAt 



A'e-"^*sm/3Atx 



■ 1 



< 



a 



L2(R+;H) - \Aa 4(a2 + /32)^ 



\x\ 



H. 



The lemma is proved. 



Corollary 1. Taking a = ^, (3 = ^ in the lemma 1, we obtain estimation 



A-^e"2^*sin— At X 



<l\\A\l, 



'fi 



Lemma 2. Let k = ||7^ii„,3 



W^(R+;H;A)~¥H^ 



L2(R+;H) 

jj < 1. Then the equation PqU = has a unique 



trivial solution from space W2-k (-R+5 H; A) . 

Proof. Let Ui = — ^ + 2 ^ ^^^ UJ2 = —■^ — ^i- The general solution of the equation 
Po (d/dt) u{t) = from space Wi{R+; H; A) has form [9, 15] 



l^2At 



Uo{t) = e^'^'xi + e"2^*X2, Xi, X2 G H5.. 



'/2- 



From the condition ■u(O) = we obtain, that Xi = —X2- From the second boundary 
condition it follows, that (wi — uj2)Axi = K ie^^^* — e'^^^^j Xi. From here we find that 



Xi 



iVS 



A~^K ( e^i^* - e^2^* 



2^*) Xi = ^Xi 



and also we have, that 

\\^Xi\ 

1 



^5. 



A^/2_^ ^A-'K (e"i^* - e"^^*) xi 



< 



H 



< ^3 II^IU3{iJ+;//;A)^/f3^ 



e^^^*a;i - e'^^^'xi 



WiiR+;H;A) 



Applying corollary 1, we receive: 

2 



e^i^*a;i - e'^^^^xi 



W|(K+;/f;A) 



A3( 



e"i^*xi - e'^'^'xi 



L2iR+;H) 



+ 



+ 



3 a3 LJiAt 



w^M^e'^i^'xi - w^A^e^^At^^ 



3 aZ u)2At 



L2{R+;H) 



A^ (e'^i^*a;i - e'^^^^Xi 



L2{R+;H) 



A3(eV-^^-)-^'.,-e 



-i-^^Ut 



Xi 



L2(R+\H) 



\3„-hAt ( ^^iAt^ ^-^iAt 



^3^-2^4 e^*^*xi - e" 



L2{R+;H) 



2 



^ o "^ II l|2 Q II ||2 



From here we have 



e^'^'xi - e"2^*xi 



< V3 \\Xl\\ rr 

Wi{R+;H;A) - " ^"-f^S^ 

Considering the inequahty (9) in the equahty (8), we get, that 



(9) 



/2 V o /2 



Xi\ 



H. 



As K < 1, then the operator i? — $ is invertible in H5, and, we receive, that Xi = 0, i.e. 
Uq (t) = 0. The lemma is proved. 

Now we pass to the basic results of the problem (3), (4). 



Theorem 1. If u e W^.^ {R+; H; A) and k = \\K\ 



Wi{R+;H;A)^H^ 



< 1 then it takes 



place the inequality 



te 



l|Po«|| 



L2(R+;H) 



> (I- k) \\u\ 



WiiR+;H;A) 



(10) 



P r o o f. Let M (t) E W^.j^ (i?+; H; A) . Then we have: 

2 



l|Po«|| 



L2iR+;H) 



(TU 
~d^ 



A^'u 



d^ 



u 



dt^ 



+ 



A^u 



L2{R+\H) 
2 ( d^U ,0 ^ 

-2Re -TT^Au 

L2{R+;H) \dt^ 



'IV. 



L2{R+;H) 

Applying the formula of the integration by parts, we receive 
fd^u 



L2{R+\H) 



dt^' 



A-'u 



L2(R+;H) 



- [a'^u"{o),a'^u{o)) + (a'V(o), aV(o)) - 



d^u\ 



-(a'Mo),aV(o))-(^aV^J 



L2iR+;H) 



I.e. 



2^4^'^^^! 



wm' 



. L2{R+;H) ^ 

So, for K = \\K\\y^^sm ■ha)~^h < 1 in view of (12) from equality (11) we have: 



(12) 



\\^0'^\\l2{R+;H) - \\^\\wi(R+;H;A) 



wmL 



"fZ 



II ||2 II jy- ||2 ^ /'I ^ II 11^ 

— Il'"llw|(i?+;H;A) ~ ll-f^'^lli/g ^ U — Kj ||'"||vi/3(i?+;//;A) ' 

Theorem is proved. 

Theorem 2. Lei A zs i/ie positive- defined self-adjoint operator in H {A = A* > fioE) 



^\\wi{R+;H;A)^H^ < 1- Then the operator Pq : Wl^ {R+; H ; A) -> L2{R+]H) 



iso- 



morphicly represents VFf./^ (-R+; -f^; ^) o?^ -^2(-R+; -f^)- 

Proof. From lemma 2 it follows, that KerPo = {0} . We shall prove, that for any 

o 

f (t) e L2{R+; H) there exists u (t) G Wg^-;^ (-R+; -f^; ^) , such that Pqm = /, i.e. imPo = 

L2{R+;H). 

Let's denote by /i(t) = < p. , p. ' and /i(0 " Fourier transformation of vector 



[ 0,t < 0, 
function /i(t) G L2{R; H). Then the vector function 



Uo{t) 



1 



+ 00 



^2^ 



^3^_A3)" 7i(0e^«*rfe, tei?, 



satisfies the equation PQ{d/dt)u(t) = fit) in i?+ almost everywhere. We shall prove, that 
UQ{t) G W2{R'iH\A). From Plansharel theorem it follows, that it's sufficiently to prove, 
that A3So(0, C^So(C) e L2{R;H), where 



+00 



2o(0 



Mo(t)e~^^Ve. 



It is obvious, that 



+ 00 



+ 00 



A'MO 



L2{R;H) 



A'Mi) ^di 



A'[-ii'E-A') /i(0 



-1 



di< 



H 



< sup 

5eR 



A^i-ii^E- A^ 



sup 



+ 00 



/i(0 



A'^ i^^ + ^' 



— oo 
2 



(i,^ = sup 
H ^eR 



A^ [ii^E + A' 



/i(0 



L2{R\H) 



\\h\\L2{R;H) =SUP 



A^ i^^ + A^ 



L2(R+;H) ■ 



Further, from a spectral decomposition of the operator A it follows, that for any ^ & R 



A^ (i^^E + A^ 



sup 

fJ.ea{A) 



{'^' 



/i' f^e' + /i' 



< sup 

M>MO 



/i^ e+/i^ 



^^ 



< 1 



and A^uo{^) G L2{R;H). It may be similarly proved, that ^^So(0 ^ L2{R;H). Hence 
Mo(t) Gl^|(i?;i7;A). 

Let's denote by q{t) a narrowing of the vector function Uo(t) on [0; +oo) , i.e. q(t) = 
'Wo(^)|fo+oo) • ^^ is obvious, that q{t) G W^2^(-R+; H; A). Therefore from the theorem of tracks 
[14, ch.'l] g(0) G iJ5/2, g'(0) G //s^, g"(0) G Hi^. The solution of the equation PqU = / we 
shall search in the form of 

u{t) = q{t) + e"^^*xi + e"^^*X2, 
6 



where wi = — | 



' 2 ' 



W2 



^ — i^, and Xi,a;2 G -f/^5/„ are unknown vectors which must 



be determined. From the condition u (t) G W^|./^ (-R+5 -f^S ^) it follows, that 



g(0) +xi + X2 = 0, 
g'(0) + WiAxi + cj2^a;2 



K (g(t) 



e'^i^*a;i 



e'^2^*a;2 



0. 



From here (E-$)xi = ^, where V" = -75 [^2^(0) - A-ig'(O) + A'^K (g(t) - g(0)e'^2At^ 
i^s^- From the condition of the theorem we get ||$||^ _^j:^ < 1, so xi = {E—^)^^tp G H5,. 

o 

Now we can find X2 = —q (0) — {E — ^)^^ip G i/s/^- Consequently, m G VF|/^ (-R+; -f/^; A) and 
PqW = /. And on the other hand. 



iPnMl 



L2(R+;H) 



\Po{d/dt)u\ 



L2{R+;H) 



S'U 
'diF 



A^u 



< 2\\u\ 



L2{R+;H) 



W^iR+;H;A) 



Therefore from Banach theorem there is an inverse operator Pg ^ and it is bounded. From 
here it follows, that ||m||vi/3(_r -ha) — const H/H^^fR -h) ■ "^^^ theorem is proved. 

3. As it becomes clear from the theorem 2, the norms ||m||i4/3(^ .jj.y^) and llPo'^llLjfi? -h) 

o 

are equivalent in space W2.X {R+'i H; A) . Therefore it is possible to estimate the norms of 

o 

operators of intermediate derivatives A^^^-^ : W2.X {R+'i H; A) — )> L2 {R+; H) , j = 0,2, 
concerning llPo^ll^^^rij h) ■ ^^ shall note, that methods of solutions of the equations 
without perturbed boundary conditions in problems with the perturbed boundary con- 
ditions are actually inapplicable. For example, in work [9] for an estimation the norms 
of operators of the intermediate derivatives having great value at deriving the conditions 
of resolvability of boundary value problems, the method of factorization which is inappli- 
cable at research of boundary value problems with nonlocal boundary conditions or with 
the perturbed boundary conditions is offered. Here for carrying out of such estimations 
we shall take advantage, as in the work [10], known inequalities from the analysis with 
combination of the inequality (10). 
The following theorem is true 

Theorem 3. Let k = \\K 



following estimations take place 

A\ 



wi(R+;H;A)^H^ < ^- ^hen for any u G WIk{R+\H-A) 



< C^{k) llPotxIh 



2„ ,/ 



L2{R+;H) - - ' " " ..L2(R+;H)' 

< Ci(/t) IIPomL .r m, 

L2{R+;H) - -^^ ^ II ^ \\L2(R+;H)-> 
^^"\\l2(R+;H) < C2(/t) \\Pou\\L,^ji^,H) > 



A'u 



(13) 

(14) 
(15) 



where 



C,(k) 



-1 



K 



-/2 



372 I 2^ 

2^^ 1 + 'i'f^K^ 



^n 



'X-K) 



-1 



-/2 



C2{n) = -TT ■ 

3V2 



^/2 



Proof. The validity of the estimation (13) exphcitly follows from the inequality 

(10). 

o 

As M G W|.^ {R+\ H\ A) , then by the formula of integration by parts we receive: 



2„ ,/ 



A'u 



L2iR+;H) 



A^u'A\']dt 



A^u,Au"]dt 



(A^m, Au" 



L2iR+;H) 



< 



A% 



WAu'W 

L2{R+\H) " \\L2{R+;H) 



Similarly we have: 



^^"\\l2iR^;H) = 1 (Au", Au")dt = - {A'^u\<d), A'l^u"{<d)) 



(16) 



(A^u',u"')dt < \a^'^u'{Q)\^ ||a'/2m"(0) 



H 



+ 



A\' 



\u 



\Ku\ 



H. 



A^^u" (0) 



H 



+ 



A'u 



\u 



L2{R+;H) " ^^L2iR+;H) 
< 



L2{R+;H) " \\L2(R+]H) 



< K \\u\ 



W^(R+;H;A) 



A\' 



a'/^u"{0) 
On the other hand, 

oo 

a'^m"(0)||^ = 2Re J {Au",u"')dt = 2Re {Au" ,u"')^^^j^^. 



L2{R+;H)" \\L2{R+;H)- 



H) 



(17) 



I.e. 



a'^m"(0) < 2'^ \\Au"\^t( 



\u 



iii\}t2 



H - " :\L2{R+;H) 11" \\L2{R+;H) 

Considering inequalities (16) and (18) in (17), we receive 



//||2 



-/2 II /I,/' 11^^ 



lli\\^/2 



All"\\ < K II7/II 9/2 II47/"II '^ \\'tl"'\\ '' 

"^" \\L2{R+;H) — '^\\"'\\w.i{R+;H;A)'^ 11^" W L2{R+;H) W"' W L-, 



2{R+;H) 



\\Au 



L2{R+;H) 



A^U 



V2 



L2(R+;H) " \\L2(R+]H) 



\U 



I.e. 



\\Aii"\\^^ < 9^2^117/11 Il7/"'ll^'^ -^ 

W^*^ \\L2{R+]H)- '^ '^\\^\\wi{R+]H;A)\\^ \\L2{R+]H)^ 



A^u 



^k 



\u 



L2{R+;H) " \\L2{R+;H) 

Taking into consideration, that ||m"'||2,2(_r h) — W'^Ww^iR -h-a) ' ^^ obtain: 



I 47;"ll < 9 /3k- 73 |U,1| , _|_ 

1"^" W L2{R+;H) — '^ '* \\"'\\W^{R+;H;A)^ 



A-'u 



Va 



L2{R+;H) " \\L2{R+\H) ■ 



\U 



///||% 



(19) 



And from here 



{\\Au"\ 



-U 2/- 



L2{R+;H) 



8 



A^u 



'ti 



.'i'\\^k 



L2(i?+;H)1I" lli2(iJ+;H) 



Then for any e > 0, applying Young inequality we receive: 



\Au"\ 



L2(R+;H) 



- 'tkKk 



\U\ 



Wl{R+\H;A) 



<[e 



1 



A^u 



2 ., 



///l|2 



% 



2 V^V^II '"ir 1 ^ 

L2(R+;H) J L^/2 II'' ll^2(i?+;i/) ' 



J Wni'" \\~ 



Supposing 1^ = l^: '^j it we obtain, that e = 2 ^. Thus, 



-1/3 2/3"-" \2.2/3„_„2 



/^||/1,/'|| _ 073^73 IL, II , \ <I |U,||^ , 



3 



Hence, 



l-''""IL„H.;«,<(S + 2V*) 



l'"lw|{i?+;H;A) 



2^/3 



(1 -U '^^^K^'^^ lll/ll , < 



2V3 1 + 3V2/.2/3 



iPnM 



1^ ll^0M|lL2(R+;/f)- 



3 ^ (1 - k) 

Thus, the estimation (15) is true. Now we shall prove (14). Considering an inequality (19) 
in (16) and spending the same reasoning, as above, we receive: 



A'u 



U 2i 



L2{R+;H) 
1^ 2 



< 2^K^ 



\u\ 



W^(R+;H;A) 



A^U 



L2{R+;H) 



+ 



43 ^ 

A'\ 



L2{R+;H) " "L2(R+;H) — 



^ Z ft, ||"|lvi/|(iJ+;H;yl) ^ V^ II" \\L2iR+;H) 



V3 / 1 



V2 



A^^M 



1 9 

^ o73 73 II IM _L II '"II 2 _i 

^ Z K ||M||vi/3(i?^;//;A) + 3^ IP IIl2(R+;H) + ^71^ 



/'J fer /'J -? / 



A^M 



L2{R+;H) 
2 



< 



L2{R+;H) 



Supposing here also e = 2 '^, we have: 



2,./ 



A'u 



2'^ 



<r o^M % II ||2 I ^ '" II l|2 

L2{R+;H) - ^ " \W\wiiR+;H;A) + 3 iFll W^Kfl+jHiA) 



2% / 3^2^ ~ 



3 1^+ 2^^ ) ll''ll^l(«+^^;^) - 3 



< — I 1+^1(1 -'^)"M|P0«||L(K,;H)- 



So, the estimation (14) is also proved. The theorem is proved. 

The estimations of norms of operators of intermediate derivatives in theorem 3 have 
also independent mathematical interest. Similar problems for numerical functions can be 
found and studied, for example, in work [16] and in available there references. 

4. Before passing to establishment of conditions of regular resolvability for the boundary 
value problem (1), (2), we shall prove the following statement. 

Lemma 3. Let Bj = AjA~\ j = 1,3, are bounded operators in H. Then an operator 
P = Pq + Pi, where Pi - is the operator acting by the following way: 



FiU = Pi (d/dt) u, ue WIk {R+; H; A) 
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is the bounded operator from Vr|./^ {R+', H; A) to L2{R+; H). 
Proof. Really, for any u{t) G W^|.^ (i?+; H- A) 






L2(R+;H) 



< \\Pou\ 



L2(R+;H) 



^iy{3-i) 



L2(R+;H) 



Ell R II 

Then from this inequality, taking into consideration theorem 2 and theorem of intermediate 
derivatives [14, ch.l], we receive 



IPmI 



< const \\u\\^,^^^.jj.^y 



\L2(R+;H) 

The lemma is proved. 

And now we formulate the basic theorem of regular solvability of the problem (1), (2). 

Theorem 4. Let the conditions of theorem 2 are satisfied, and operators Bj = AjA~^ , 
j = 1,3, are bounded in H and the inequality 

2 

" (/t) = II Cj (k) ||53_^||^^^ < 1 

j=0 

takes place, where Cj (k,) , j = 0, 2, are defined in theorem 3. Then the problem (1), (2) is 
regularly solvable. 

o 

Proof. From the theorem 2 the operator Pq : W2.K {R+'i H] A) — )■ L2 (-R+; H) is 
isomorphism. Then there is a bounded inverse operator Pq ^. We rewrite the problem (1), 
(2) in the form of the operator equation P-u = PqW + PiM = /, where / G L2{R+]H), 

o 

u G W2.K {R+'i H; A) . After replacement Pqu = t> we receive the equation v + PiPg^^f = / 
from L2{R+; H). But for any v G L2{R+; H), considering the theorem 3, 



PiPo'^ 



i=0 



L2{R+;H) 



|Pim| 



L2{R+;H) 



< 



E ^3-jM 
j=0 



(i) 



L2{R+;H) 



<5:C,(/.)||i?3-, 



JWH^H 



< 

L2{R+;H) 

ain) < 1. 



i=o 



Thus, the operator E + PiPq ^ is invertible in L2{R+] H). Then v = {E + PiPq } f and 



u = Pq^ [E + PiPq M /• From here it follows, that 



\u\ 



W^{R+;H;A) 



< const 



L2(R+\H) 



The theorem is proved. 

Corollary 2. Let K = 0. If the inequality 

« (0) = 1^ i\m\H-.H + IWIh^h) + WBsWh^H < 1 

takes place, the problem (1), (2) is regular solvable. 

We must note, that for K = Q from the theorem 4 we obtain the corresponding results 
of the works [9], and also [10], if we take coefficient p (t) at a constant term in the equation 
as unit. 
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